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Abstract  
 We considered the most general form of non-static cylindrically symmetric space-times for 
studying proper curvature symmetry by using the rank of the 66×  Riemann matrix and direct 
integration techniques. Studying proper curvature symmetry in each case of the above space-times it is 
shown that when the above space-times admit proper curvature symmetry, they form an infinite 
dimensional vector space.  
 
PACS numbers: 04.20.-q, 04.20.Jb  
Key words: Rank of the 66×  Rieman matrix; Proper curvature symmetry; Direct integration techinque.  
 
1. INTRODUCTION  
 The aim of this paper is to discuss the proper curvature symmetry of non-static cylindrically 
symmetric space-times. Curvature symmetry which preserves the curvature structure of a space-time 
carries significant information and plays an important role in Einstein’s theory of general relativity. It is 
therefore important to study curvature symmetry. Different approaches [1-24] were adopted to study 
curvature symmetries. Here an aproach, which is given in [7], is adopted to study proper curvature 
symmetry in non-static cylindrically symmetric space-times by using the rank of the 66×  Rieman 
matrix and direct integration techinques. Throughout M  represents a four dimensional, connected, 
Hausdorff space-time manifold with Lorentz metric g  of signature (-, +, +, +). The curvature tensor 
associated with ,abg  through the Levi-Civita connection, is denoted in component form by ,bcd
aR  and 
the Ricci tensor components are .acbcab RR =  The usual covariant, partial and Lie derivatives are 
denoted by a semicolon, a comma and the symbol ,L  respectively. Round and square brackets denote 
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the usual symmetrization and skew-symmetrization, respectively. Here, M  is assumed non-flat in the 
sense that the curvature tensor does not vanish over any non-empty open subset of .M   
 The covariant derivative of any vector field X  on M  can be decomposed as  
  ababba GhX += 2
1
;        (1) 
where abXbaab gLhh == )(  is a symmetric and )( baab GG −=  is a skew symmetric tensor on .M  If 
,0; =cabh  X  is said to be affine and further satisfies Rccgh abab ∈= ,2  then X  is said to be homothetic 
(and Killing if 0=c ). The vector field X  is said to be proper affine if it is not homothetic vector field 
and also X  is said to be proper homothetic vector field if it is not Killing vector field.  
  A vector field X  on M  is called a curvature symmetry or curvature collineation (CC) if 
it satisfies [18]  
  0=bcdaX RL         (2) 
or equivalently,  
.0;;;;; =−+++ eabcdedebceacebedabeecdaeebcda XRXRXRXRXR   
The vector field X  is said to be proper curvature symmetry or proper curvature collineation (CC) if it is 
not affine [7] on .M   
 
2. CLASSIFICATION OF THE RIEMANN TENSORS  
 In this section we will classify the Riemann tensor in terms of its rank and bivector 
decomposition.  
The rank of the Riemann tensor is the rank of the 66× symmetric matrix derived in a well known way 
[7]. The rank of the Riemann tensor at p  is the rank of the linear map η  which maps the vector space of 
all bivectors G  at p  to itself and is defined by .: cdcdabab GRG →η  Define also the subspace pN  of the 
tangent space MTp  consisting of those members k  of MTp  which satisfy the relation  
.0=dabcd kR         (3) 
Then the Riemann tensor at p  satisfies exactly one of the following algebraic conditions [7].  
Class B  
 The rank is 2 and the range of η  is spanned by the dual pair of non-null simple bivectors and 
dim .0=pN  The Riemann tensor at p  takes the form 
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  ,
**
cdabcdababcd GGGGR βα +=      (4) 
where G  and its dual 
*
G  are the (unique up to scaling) simple non-null spacelike and timelike bivectors 
in the range of ,η  respectively and ., R∈βα   
Class C  
 The rank is 2 or 3 and there exists a unique (up to scaling) solution say, k  of (18) (and so 
dim 1=pN ). The Riemann tensor at p  takes the form 
  ,
3
1,
cd
j
ab
i
ji
ijabcd GGR ∑
=
= α       (5) 
where Rij ∈α  for all ji,  and 0=babi kG  for each of the bivectors iG  which span the range of .η   
Class D  
 Here the rank of the curvature matrix is 1. The range of the map η  is spanned by a single 
bivector ,G  say, which has to be simple because the symmetry of Riemann tensor 0][ =bcdaR  means 
.0][ =cdba GG  Then it follows from a standard result that G  is simple. The curvature tensor admits 
exactly two independent solutions uk,  of equation (3) so that dim .2=pN  The Riemann tensor at p  
takes the form 
  ,cdababcd GGR α=        (6) 
where R∈α  and G  is simple bivector with blade orthogonal to k  and .u   
Class O 
 The rank of the curvature matrix is 0 (so that 0=abcdR ) and dim .4=pN   
Class A 
 The Riemann tensor is said to be of class A at p  if it is not of class B, C, D or O. Here always 
dim 0=pN .  
A study of the curvature symmetries or curvature collineations (CCS) for the classes A, B, D, C and O 
can be found in [7,16].  
 
3. MAIN RESULTS  
Consider a non static cylindrically symmetric space-time in the usual coordinate system 
),,,( φθrt  (labeled by ),,,,( 3210 xxxx  respectively) with line element [25]  
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.2),(2),(22),(2 φθ dededrdteds rtWrtVrtU +++−=     (7) 
The Ricci tensor Segre type of the above space-time is {1,111} or {211} or one of its degeneracies. The 
above space-time admits two linearly independent Killing vector fields which are  
., φθ ∂
∂
∂
∂         (8) 
The non-zero independent components of the Riemann tensor are  
[ ] ,),(2),(
4
1
1
),(2
0101 α=+−= e rtUrrr rtUrtUR   
[ ] ,),(),(
4
1),(),(),(2),(
4
1
2
),(),(),(2
0202 α≡+−+−= + rtVrtUrtVrtUrtVrtVR rrrtVrtUrtVttttt ee   
[ ] ,),(),(),(2),(),(
4
1
3
),(
0212 α≡−+−= e rtVtrtrrt rtVrtUrtVrtVrtVR   
[ ] ,),(),(
4
1),(),(),(2),(
4
1
4
),(),(),(2
0303 α≡+−+−= + rtWrtUrtWrtUrtWrtWR rrrtWrtUrtWttttt ee   
[ ] ,),(),(),(2),(),(
4
1
5
),(
0313 α≡−+−= ertWrtUrtWrtWrtWR rtWtrtrrt   
[ ] ,),(2),(
4
1
6
),(2
1212 α=+−= ertVrtVR rtVrrr   
[ ] ,),(2),(
4
1
7
),(2
1313 α=+−= ertWrtWR rtWrrr   
[ ] .),(),(),(),(
4
1
8
),(),(
2323 α≡+−−= +ertWrtVrtWrtVR rtWrtVrrtt   
Writing the curvature tensor with components abcdR  at p  as a 66×  symmetric matrix  
 .
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⎝
⎛
=
α
αα
αα
αα
αα
α
abcdR     (9)  
It is important to remind the reader that we will consider Riemann tensor components as bcdaR  for 
calculating CCS. Here, we are only interested in those cases when the rank of the 66×  Riemann matrix 
is less than or equal to three. Since we know from theorem [2,7] that when the rank of the 66×  
Riemann matrix is greater than three there exists no proper curvature symmetries or proper CCS. Thus 
there exist the following possibilities:  
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(A1) Rank=3, ,0),( =rtU t  ,0),( ≠rtWt  ,0),( =rtU r  ,0),( =rtVt  ,0),( ≠rtVr  ,0),(2),(2 =+ rtVrtV rrr  
,0),(2),(),( ≠+ rtWrtWrtW trrt  ,0),(2),(2 ≠+ rtWrtW ttt  0),( ≠rtWr  and .0),(2),(2 ≠+ rtWrtW rrr   
(A2) Rank=3, ,0),( ≠rtU t  ,0),( =rtU r  ,0),( =rtVt  ,0),( ≠rtVr  ,0),(2),(2 =+ rtVrtV rrr  ,0),( ≠rtWt  
,0),( ≠rtWr  ,0),(2),(),( ≠+ rtWrtWrtW trrt  0),(2),(2 =+ rtWrtW ttt  and .0),(2),(2 ≠+ rtWrtW rrr   
(A3) Rank=3, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( =rtVr  ,0),(2),(2 =+ rtVrtV ttt  ,0),( ≠rtWt  
,0),( ≠rtWr  ,0),(2),(),( =+ rtWrtWrtW trrt  0),(2),(2 ≠+ rtWrtW ttt  and .0),(2),(2 ≠+ rtWrtW rrr   
(A4) Rank=3, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( =rtVr  ,0),(2),(2 =+ rtVrtV ttt  ,0),( ≠rtWt  
,0),( ≠rtWr  ,0),(2),(),( ≠+ rtWrtWrtW trrt  0),(2),(2 =+ rtWrtW ttt  and .0),(2),(2 =+ rtWrtW rrr   
(A5) Rank=3, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  ,0),(2),(2 =+ rtVrtV ttt  
,0),(2),(2 =+ rtVrtV rrr  ,0),(2),(),( =+ rtVrtVrtV trrt  ,0),( ≠rtWt  ,0),( ≠rtWr  
,0),(2),(),( ≠+ rtWrtWrtW trrt  0),(2),(2 =+ rtWrtW ttt  and .0),(2),(2 ≠+ rtWrtW rrr   
(A6) Rank=3, ,0),( ≠rtU t  ,0),( =rtU r  ,0),( =rtVt  ,0),( ≠rtVr  ,0),(2),(2 =+ rtVrtV rrr  ,0),( ≠rtWt  
,0),( ≠rtWr  0),(2),(),( ≠+ rtWrtWrtW trrt  and .0),(2),(2 ≠+ rtWrtW rrr   
(A7) Rank=3, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  ,0),(2),(2 =+ rtVrtV ttt  
,0),(2),(2 =+ rtVrtV rrr  ,0),(2),(),( =+ rtVrtVrtV trrt  ,0),( ≠rtWt  ,0),( ≠rtWr  
,0),(2),(),( ≠+ rtWrtWrtW trrt  0),(2),(2 ≠+ rtWrtW ttt  and .0),(2),(2 ≠+ rtWrtW rrr   
(A8) Rank=3, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( =rtVr  ,0),(2),(2 =+ rtVrtV ttt  ,0),( ≠rtWt  
,0),( ≠rtWr  ,0),(2),(),( ≠+ rtWrtWrtW trrt  0),(2),(2 ≠+ rtWrtW ttt  and .0),(2),(2 ≠+ rtWrtW rrr   
(A9) Rank=3, ,0),( ≠rtU t  ,0),( =rtU r  ,0),( =rtVt  ,0),( ≠rtVr  ,0),(2),(2 ≠+ rtVrtV rrr  ,0),( ≠rtWt  
,0),( ≠rtWr  ,0),(2),(),( =+ rtWrtWrtW trrt  0),(2),(2 =+ rtWrtW ttt  and .0),(2),(2 =+ rtWrtW rrr   
(A10) Rank=3, ,0),( =rtU t  ,0),( =rtU r  ,0),( =rtVt  ,0),( ≠rtVr  ,0),(2),(2 ≠+ rtVrtV rrr  
,0),( ≠rtWt  ,0),( ≠rtWr  ,0),(2),(),( =+ rtWrtWrtW trrt  0),(2),(2 ≠+ rtWrtW ttt  and 
.0),(2),(2 =+ rtWrtW rrr   
(A11) Rank=3, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  ,0),(2),(2 =+ rtVrtV ttt  
,0),(2),(2 ≠+ rtVrtV rrr  ,0),(2),(),( =+ rtVrtVrtV trrt  ,0),( ≠rtWt  ,0),( ≠rtWr  
,0),(2),(),( =+ rtWrtWrtW trrt  0),(2),(2 ≠+ rtWrtW ttt  and .0),(2),(2 =+ rtWrtW rrr   
(A12) Rank=3, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  ,0),(2),(2 =+ rtVrtV ttt  
,0),(2),(2 ≠+ rtVrtV rrr  ,0),(2),(),( =+ rtVrtVrtV trrt  ,0),( ≠rtWt  0),( =rtWr  and 
.0),(2),(2 ≠+ rtWrtW ttt   
(A13) Rank=3, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( =rtVr  ,0),(2),(2 ≠+ rtVrtV ttt  ,0),( ≠rtWt  
,0),( ≠rtWr  ,0),(2),(),( =+ rtWrtWrtW trrt  0),(2),(2 =+ rtWrtW ttt  and .0),(2),(2 ≠+ rtWrtW rrr   
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(A14) Rank=3, ,0),( ≠rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  ,0),(2),(2 =+ rtVrtV ttt  
,0),(2),(2 =+ rtVrtV rrr  ,0),(2),(),( =+ rtVrtVrtV trrt  ,0),( =rtWt  0),( ≠rtWr  and 
.0),(2),(2 ≠+ rtWrtW rrr   
(A15) Rank=3, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  ,0),(2),(2 ≠+ rtVrtV ttt  
,0),(2),(2 =+ rtVrtV rrr  ,0),(2),(),( =+ rtVrtVrtV trrt  ,0),( ≠rtWt  ,0),( ≠rtWr  
,0),(2),(),( =+ rtWrtWrtW trrt  0),(2),(2 =+ rtWrtW ttt  and .0),(2),(2 ≠+ rtWrtW rrr   
(A16) Rank=3, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  ,0),(2),(2 ≠+ rtVrtV ttt  
,0),(2),(2 ≠+ rtVrtV rrr  ,0),(2),(),( ≠+ rtVrtVrtV trrt  ,0),( ≠rtWt  0),( =rtWr  and 
.0),(2),(2 =+ rtWrtW ttt   
(A17) Rank=3, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  ,0),(2),(2 ≠+ rtVrtV ttt  
,0),(2),(2 ≠+ rtVrtV rrr  ,0),(2),(),( ≠+ rtVrtVrtV trrt  ,0),( =rtWt  0),( ≠rtWr  and 
.0),(2),(2 =+ rtWrtW rrr   
(A18) Rank=3, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  ,0),(2),(2 =+ rtVrtV ttt  
,0),(2),(2 =+ rtVrtV rrr  ,0),(2),(),( ≠+ rtVrtVrtV trrt  ,0),( =rtWt  0),( ≠rtWr  and 
.0),(2),(2 =+ rtWrtW rrr   
(A19) Rank=3, ,0),( ≠rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  ,0),(2),(2 ≠+ rtVrtV rrr  
,0),(2),(),( =+ rtVrtVrtV trrt  ,0),( =rtWt  0),( ≠rtWr  and .0),(2),(2 =+ rtWrtW rrr   
(A20) Rank=3, ,0),( ≠rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  ,0),(2),(2 =+ rtVrtV ttt  
,0),(2),(2 ≠+ rtVrtV rrr  ,0),(2),(),( =+ rtVrtVrtV trrt  ,0),( =rtWt  0),( ≠rtWr  and 
.0),(2),(2 =+ rtWrtW rrr   
(A21) Rank=3, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  ,0),(2),(2 ≠+ rtVrtV ttt  
,0),(2),(2 ≠+ rtVrtV rrr  ,0),(2),(),( =+ rtVrtVrtV trrt  ,0),( ≠rtWt  0),( =rtWr  and 
.0),(2),(2 =+ rtWrtW ttt   
(A22) Rank=3, ,0),( =rtU t  ,0),( ≠rtU r  ,0),(2),(2 =+ rtUrtU rrr ,0),( =rtVt  ,0),( ≠rtVr  
,0),(2),(2 =+ rtVrtV rrr  ,0),( ≠rtWt  0),( =rtWr  and .0),(2),(2 =+ rtWrtW ttt   
(A23) Rank=3, ,0),( ≠rtU t  ,0),( ≠rtU r  ,0),(2),(2 =+ rtUrtU rrr ,0),( =rtVt  ,0),( ≠rtVr  
,0),(2),(2 =+ rtVrtV rrr  ,0),( ≠rtWt  0),( =rtWr  and .0),(2),(2 =+ rtWrtW ttt   
(A24) Rank=3, ,0),( ≠rtU t  ,0),(2),(2 =+ rtUrtU rrr ,0),( =rtVt  ,0),( ≠rtVr  
,0),(2),(2 =+ rtVrtV rrr  0),( ≠rtWt  and .0),( =rtWr   
(A25) Rank=3, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  ,0),(2),(2 =+ rtVrtV ttt  
,0),(2),(2 =+ rtVrtV rrr  ,0),(2),(),( ≠+ rtVrtVrtV trrt  ,0),( ≠rtWt  0),( =rtWr  and 
.0),(2),(2 =+ rtWrtW ttt   
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(A26) Rank=3, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  ,0),(2),(2 =+ rtVrtV ttt  
,0),(2),(2 =+ rtVrtV rrr  ,0),(2),(),( ≠+ rtVrtVrtV trrt  ,0),( =rtWt  0),( ≠rtWr  and 
.0),(2),(2 =+ rtWrtW rrr   
(A27) Rank=3, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  ,0),(2),(2 =+ rtVrtV ttt  
,0),(2),(2 =+ rtVrtV rrr  ,0),(2),(),( ≠+ rtVrtVrtV trrt  ,0),( ≠rtWt  ,0),( ≠rtWr  
,0),(2),(),( =+ rtWrtWrtW trrt  0),(2),(2 =+ rtWrtW ttt  and .0),(2),(2 =+ rtWrtW rrr   
(A28) Rank=3, ,0),( ≠rtU t  ,0),( ≠rtU r  ,0),(2),(2 =+ rtUrtU rrr  ,0),( ≠rtVt  ,0),( =rtVr  
,0),(2),(2 =+ rtVrtV ttt  ,0),( =rtWt  0),( ≠rtWr  and .0),(2),(2 =+ rtWrtW rrr   
(A29) Rank=3, ,0),( =rtU t  ,0),( ≠rtU r  ,0),(2),(2 =+ rtUrtU rrr  ,0),( ≠rtVt  ,0),( =rtVr  
,0),(2),(2 ≠+ rtVrtV ttt  ,0),( =rtWt  0),( ≠rtWr  and .0),(2),(2 =+ rtWrtW rrr   
(A30) Rank=3, ,0),( =rtU t  ,0),( ≠rtU r  ,0),(2),(2 =+ rtUrtU rrr  ,0),( =rtVt  ,0),( ≠rtVr  
,0),(2),(2 =+ rtVrtV rrr  ,0),( ≠rtWt  0),( =rtWr  and .0),(2),(2 ≠+ rtWrtW ttt   
 
(B1) Rank=2, ,0),( ≠rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( =rtVr  ,0),(2),(2 =+ rtVrtV ttt  
,0),( =rtWt  0),( ≠rtWr  and .0),(2),(2 ≠+ rtWrtW rrr   
(B2) Rank=2, ,0),( ≠rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( =rtVr  ,0),( =rtWt  0),( ≠rtWr  and 
.0),(2),(2 ≠+ rtWrtW rrr   
(B3) Rank=2, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( =rtVr  ,0),(2),(2 ≠+ rtVrtV ttt  
,0),( =rtWt  0),( ≠rtWr  and .0),(2),(2 ≠+ rtWrtW rrr   
 
(C1) Rank=3, ,0),( ≠rtU t  ,0),( =rtU r  ,0),( =rtVt  ,0),( ≠rtVr  ,0),( =rtWt  ,0),( ≠rtWr  
0),(2),(2 ≠+ rtVrtV rrr  and .0),(2),(2 ≠+ rtWrtW rrr   
(C2) Rank=3, ,0),( ≠rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( =rtVr  ,0),( ≠rtWt  ,0),( =rtWr  
0),(2),(2 =+ rtVrtV ttt  and .0),(2),(2 ≠+ rtWrtW ttt   
(C3) Rank=3, ,0),( ≠rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( =rtVr  ,0),( ≠rtWt  0),( =rtWr  and 
.0),(2),(2 =+ rtWrtW ttt   
(C4) Rank=3, ,0),( =rtU t  ,0),( ≠rtU r  ,0),(2),(2 ≠+ rtUrtU rrr  ,0),( =rtVt  ,0),( =rtVr  
,0),( ≠rtWt  0),( =rtWr  and .0),(2),(2 =+ rtWrtW ttt   
(C5) Rank=3, ,0),( =rtU t  ,0),( ≠rtU r  ,0),(2),(2 ≠+ rtUrtU rrr  ,0),( =rtVt  ,0),( ≠rtVr  
,0),(2),(2 ≠+ rtVrtV rrr  0),( =rtWt  and ,0),( =rtWr   
(C6) Rank=3, ,0),( ≠rtU t  ,0),( ≠rtU r  ,0),(2),(2 ≠+ rtUrtU rrr  ,0),( =rtVt  ,0),( ≠rtVr  
,0),(2),(2 ≠+ rtVrtV rrr  0),( =rtWt  and ,0),( =rtWr   
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(C7) Rank=3, ,0),( ≠rtU t  ,0),( ≠rtU r  ,0),(2),(2 ≠+ rtUrtU rrr  ,0),( ≠rtVt  0),( ≠rtVr  
,0),(2),(2 ≠+ rtVrtV rrr  0),( =rtWt  and .0),( =rtWr   
(C8) Rank=3, ,0),( =rtU t  ,0),( ≠rtU r  ,0),(2),(2 ≠+ rtUrtU rrr  ,0),( ≠rtVt  0),( ≠rtVr  
,0),(2),(2 ≠+ rtVrtV rrr  0),( =rtWt  and .0),( =rtWr   
(C9) Rank=3, ,0),( =rtU t  ,0),( ≠rtU r  ,0),(2),(2 ≠+ rtUrtU rrr  ,0),( ≠rtVt  ,0),( ≠rtVr  
,0),(2),(2 =+ rtVrtV rrr  0),( =rtWt  and .0),( =rtWr   
(C10) Rank=3, ,0),( =rtU t  ,0),( ≠rtU r  ,0),(2),(2 ≠+ rtUrtU rrr  ,0),( ≠rtVt  ,0),( ≠rtVr  
,0),(2),(2 =+ rtVrtV ttt  ,0),(2),(2 =+ rtVrtV rrr  0),( =rtWt  and .0),( =rtWr   
(C11) Rank=3, ,0),( ≠rtU t  ,0),( ≠rtU r  ,0),(2),(2 ≠+ rtUrtU rrr  ,0),( ≠rtVt  ,0),( =rtVr  
0),( =rtWt  and .0),( =rtWr   
(C12) Rank=3, ,0),( ≠rtU t  ,0),( ≠rtU r  ,0),(2),(2 ≠+ rtUrtU rrr  ,0),( ≠rtVt  ,0),( =rtVr  
,0),(2),(2 =+ rtVrtV ttt  0),( =rtWt  and .0),( =rtWr   
(C13) Rank=2, ,0),( =rtU t  ,0),( =rtU r  ,0),( =rtVt  ,0),( ≠rtVr  ,0),(2),(2 =+ rtVrtV rrr  
,0),( =rtWt  0),( ≠rtWr  and .0),(2),(2 ≠+ rtWrtW rrr   
(C14) Rank=2, ,0),( =rtU t  ,0),( =rtU r  ,0),( =rtVt  ,0),( ≠rtVr  ,0),(2),(2 ≠+ rtVrtV rrr  ,0),( =rtWt  
0),( ≠rtWr  and .0),(2),(2 =+ rtWrtW rrr   
(C15) Rank=2, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( =rtVr  ,0),(2),(2 =+ rtVrtV ttt  
,0),( ≠rtWt  0),( =rtWr  and .0),(2),(2 ≠+ rtWrtW ttt   
(C16) Rank=2, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( =rtVr  ,0),(2),(2 ≠+ rtVrtV ttt  
,0),( ≠rtWt  0),( =rtWr  and .0),(2),(2 =+ rtWrtW ttt   
(C17) Rank=2, ,0),( ≠rtU t  ,0),( =rtU r  ,0),( =rtVt  ,0),( =rtVr  ,0),( ≠rtWt  ,0),( ≠rtWr  
0),(2),(),( ≠+ rtWrtWrtW trrt  and .0),(2),(2 =+ rtWrtW rrr   
(C18) Rank=2, ,0),( ≠rtU t  ,0),( ≠rtU r  ,0),(2),(2 =+ rtUrtU rrr  ,0),( =rtVt  ,0),( =rtVr  
,0),( ≠rtWt  ,0),( ≠rtWr  0),(2),(2 =+ rtWrtW ttt  and .0),(2),(2 =+ rtWrtW rrr   
(C19) Rank=2, ,0),( =rtU t  ,0),( ≠rtU r  ,0),(2),(2 =+ rtUrtU rrr  ,0),( =rtVt  ,0),( =rtVr  
,0),( ≠rtWt  ,0),( ≠rtWr  0),(2),(2 =+ rtWrtW ttt  and .0),(2),(2 =+ rtWrtW rrr   
(C20) Rank=2, ,0),( ≠rtU t  ,0),( ≠rtU r  ,0),(2),(2 =+ rtUrtU rrr  ,0),( =rtVt  ,0),( =rtVr  
,0),( ≠rtWt  0),( ≠rtWr  and .0),(2),(2 =+ rtWrtW rrr   
(C21) Rank=2, ,0),( =rtU t  ,0),( ≠rtU r  ,0),(2),(2 =+ rtUrtU rrr  ,0),( =rtVt  ,0),( =rtVr  
,0),( ≠rtWt  0),( ≠rtWr  and .0),(2),(2 =+ rtWrtW rrr   
(C22) Rank=2, ,0),( =rtU t  ,0),( ≠rtU r  ,0),(2),(2 =+ rtUrtU rrr  ,0),( =rtVt  ,0),( =rtVr  
,0),( ≠rtWt  0),( ≠rtWr  and .0),(2),(2 ≠+ rtWrtW rrr   
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(C23) Rank=2, ,0),( ≠rtU t  ,0),( ≠rtU r  ,0),(2),(2 =+ rtUrtU rrr  ,0),( =rtVt  ,0),( =rtVr  
,0),( ≠rtWt  0),( ≠rtWr  and .0),(2),(2 ≠+ rtWrtW rrr   
(C24) Rank=2, ,0),( ≠rtU t  ,0),( ≠rtU r  ,0),(2),(2 =+ rtUrtU rrr  ,0),( =rtVt  ,0),( =rtVr  
,0),( ≠rtWt  ,0),( ≠rtWr  0),(2),(2 =+ rtWrtW ttt  and .0),(2),(2 ≠+ rtWrtW rrr   
(C25) Rank=2, ,0),( =rtU t  ,0),( =rtU r  ,0),( =rtVt  ,0),( =rtVr  ,0),( ≠rtWt  ,0),( ≠rtWr  
,0),(2),(),( ≠+ rtWrtWrtW trrt  0),(2),(2 ≠+ rtWrtW ttt  and .0),(2),(2 ≠+ rtWrtW rrr   
(C26) Rank=2, ,0),( ≠rtU t  ,0),( =rtU r  ,0),( =rtVt  ,0),( =rtVr  ,0),( ≠rtWt  ,0),( ≠rtWr  
0),(2),(),( ≠+ rtWrtWrtW trrt  and .0),(2),(2 ≠+ rtWrtW rrr   
(C27) Rank=2, ,0),( ≠rtU t  ,0),( =rtU r  ,0),( =rtVt  ,0),( =rtVr  .0),( ≠rtWt  ,0),( ≠rtWr  
,0),(2),(),( =+ rtWrtWrtW trrt  0),(2),(2 =+ rtWrtW ttt  and .0),(2),(2 ≠+ rtWrtW rrr   
(C28) Rank=2, ,0),( =rtU t  ,0),( =rtU r  ,0),( =rtVt  ,0),( =rtVr  ,0),( ≠rtWt  ,0),( ≠rtWr  
,0),(2),(),( ≠+ rtWrtWrtW trrt  0),(2),(2 =+ rtWrtW ttt  and .0),(2),(2 ≠+ rtWrtW rrr   
(C29) Rank=2, ,0),( =rtU t  ,0),( =rtU r  ,0),( =rtVt  ,0),( =rtVr  ,0),( ≠rtWt  ,0),( ≠rtWr  
,0),(2),(),( =+ rtWrtWrtW trrt  0),(2),(2 ≠+ rtWrtW ttt  and .0),(2),(2 ≠+ rtWrtW rrr   
(C30) Rank=2, ,0),( =rtU t  ,0),( =rtU r  ,0),( =rtVt  ,0),( =rtVr  ,0),( ≠rtWt  ,0),( ≠rtWr  
,0),(2),(),( ≠+ rtWrtWrtW trrt  0),(2),(2 =+ rtWrtW ttt  and .0),(2),(2 =+ rtWrtW rrr   
(C31) Rank=2, ,0),( ≠rtU t  ,0),( =rtU r  ,0),( =rtVt  ,0),( =rtVr  ,0),( ≠rtWt  ,0),( ≠rtWr  
,0),(2),(),( =+ rtWrtWrtW trrt  0),(),(2 =+ rtWrtW ttt  and .0),(2),(2 ≠+ rtWrtW rrr   
(C32) Rank=2, ,0),( ≠rtU t  ,0),( ≠rtU r  ,0),(2),(2 ≠+ rtUrtU rrr  ,0),( =rtVt  ,0),( =rtVr  
,0),( =rtWt  0),( ≠rtWr  and .0),(2),(2 =+ rtWrtW rrr   
(C33) Rank=2, ,0),( =rtU t  ,0),( ≠rtU r  ,0),(2),(2 ≠+ rtUrtU rrr  ,0),( =rtVt  ,0),( =rtVr  
,0),( =rtWt  0),( ≠rtWr  and .0),(2),(2 =+ rtWrtW rrr   
(C34) Rank=2, ,0),( ≠rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  ,0),(2),(),( ≠+ rtVrtVrtV trrt  
,0),(2),(2 ≠+ rtVrtV rrr  0),( =rtWt  and .0),( =rtWr   
(C35) Rank=2, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  ,0),(2),(2 ≠+ rtVrtV ttt  
,0),(2),(),( ≠+ rtVrtVrtV trrt  ,0),(2),(2 ≠+ rtVrtV rrr  0),( =rtWt  and .0),( =rtWr   
(C36) Rank=2, ,0),( ≠rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  ,0),(2),(2 =+ rtVrtV ttt  
,0),(2),(),( ≠+ rtVrtVrtV trrt  ,0),(2),(2 ≠+ rtVrtV rrr  0),( =rtWt  and .0),( =rtWr   
(C37) Rank=2, ,0),( ≠rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  ,0),(2),(),( ≠+ rtVrtVrtV trrt  
,0),(2),(2 =+ rtVrtV rrr  0),( =rtWt  and .0),( =rtWr   
(C38) Rank=2, ,0),( ≠rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  ,0),(2),(2 =+ rtVrtV ttt  
,0),(2),(),( ≠+ rtVrtVrtV trrt  ,0),(2),(2 =+ rtVrtV rrr  0),( =rtWt  and .0),( =rtWr   
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(C39) Rank=2, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  ,0),(2),(2 ≠+ rtVrtV ttt  
,0),(2),(),( =+ rtVrtVrtV trrt  ,0),(2),(2 ≠+ rtVrtV rrr  0),( =rtWt  and .0),( =rtWr   
(C40) Rank=2, ,0),( ≠rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  ,0),(2),(2 =+ rtVrtV ttt  
,0),(2),(),( =+ rtVrtVrtV trrt  ,0),(2),(2 ≠+ rtVrtV rrr  0),( =rtWt  and .0),( =rtWr   
(C41) Rank=2, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  ,0),(2),(2 =+ rtVrtV ttt  
,0),(2),(),( ≠+ rtVrtVrtV trrt  ,0),(2),(2 =+ rtVrtV rrr  0),( =rtWt  and .0),( =rtWr   
(C42) Rank=2, ,0),( ≠rtU t  ,0),( ≠rtU r  ,0),(2),(2 ≠+ rtUrtU rrr  ,0),( =rtVt  ,0),( ≠rtVr  
,0),(2),(2 =+ rtVrtV rrr  0),( =rtWt  and .0),( =rtWr   
 
(C43) Rank=3, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  ,0),(2),(2 =+ rtVrtV ttt  
,0),(2),(),( =+ rtVrtVrtV trrt  ,0),(2),(2 ≠+ rtVrtV rrr  ,0),( ≠rtWt  ,0),( ≠rtWr  
,0),(2),(),( =+ rtWrtWrtW trrt  0),(2),(2 =+ rtWrtW ttt  and .0),(2),(2 ≠+ rtWrtW rrr   
(C44) Rank=3, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( =rtVr  ,0),(2),(2 ≠+ rtVrtV ttt  ,0),( ≠rtWt  
,0),( ≠rtWr  ,0),(2),(),( =+ rtWrtWrtW trrt  0),(2),(2 =+ rtWrtW rrr  and .0),(2),(2 ≠+ rtWrtW ttt   
(C45) Rank=3, ,0),( ≠rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( =rtVr  ,0),(2),(2 =+ rtVrtV ttt  ,0),( ≠rtWt  
,0),( ≠rtWr  0),(2),(),( =+ rtWrtWrtW trrt  and .0),(2),(2 =+ rtWrtW rrr   
(C46) Rank=3, ,0),( ≠rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( =rtVr  ,0),( ≠rtWt  ,0),( ≠rtWr  
,0),(2),(),( =+ rtWrtWrtW trrt  0),(2),(2 =+ rtWrtW rrr  and .0),(2),(2 =+ rtWrtW ttt  
(C47) Rank=3, ,0),( ≠rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( =rtVr  ,0),(2),(2 =+ rtVrtV ttt  ,0),( ≠rtWt  
,0),( ≠rtWr  ,0),(2),(),( =+ rtWrtWrtW trrt  0),(2),(2 =+ rtWrtW ttt  and .0),(2),(2 =+ rtWrtW rrr   
(C48) Rank=3, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  ,0),(2),(2 ≠+ rtVrtV ttt  
,0),(2),(),( =+ rtVrtVrtV trrt  0),(2),(2 =+ rtVrtV rrr  ,0),( ≠rtWt  0),( =rtWr  and 
.0),(2),(2 ≠+ rtWrtW ttt   
(C49) Rank=3, ,0),( ≠rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  ,0),(2),(2 =+ rtVrtV ttt  
,0),(2),(),( =+ rtVrtVrtV trrt  ,0),(2),(2 =+ rtVrtV rrr  0),( ≠rtWt  and .0),( =rtWr   
(C50) Rank=3, ,0),( ≠rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  ,0),(2),(),( =+ rtVrtVrtV trrt  
,0),(2),(2 =+ rtVrtV rrr  ,0),( ≠rtWt  0),( =rtWr  and .0),(2),(2 =+ rtWrtW ttt   
(C51) Rank=3, ,0),( ≠rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  ,0),(2),(2 =+ rtVrtV ttt  
,0),(2),(),( =+ rtVrtVrtV trrt  ,0),(2),(2 =+ rtVrtV rrr  ,0),( ≠rtWt  0),( =rtWr  and 
.0),(2),(2 =+ rtWrtW ttt   
(C52) Rank=3, ,0),( ≠rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  ,0),(2),(),( =+ rtVrtVrtV trrt  
,0),(2),(2 =+ rtVrtV rrr  ,0),( ≠rtWt  ,0),( ≠rtWr  0),(2),(),( =+ rtWrtWrtW trrt  and 
.0),(2),(2 =+ rtWrtW rrr   
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(C53) Rank=3, ,0),( =rtU t  ,0),( ≠rtU r  ,0),(2),(2 =+ rtUrtU rrr  ,0),( =rtVt  ,0),( ≠rtVr  
,0),(2),(2 =+ rtVrtV rrr  ,0),( =rtWt  0),( ≠rtWr  and .0),(2),(2 =+ rtWrtW rrr  
(C54) Rank=2, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( =rtVr  ,0),(2),(2 =+ rtVrtV ttt  
,0),( ≠rtWt  ,0),( ≠rtWr  ,0),(2),(),( =+ rtWrtWrtW trrt  0),(2),(2 =+ rtWrtW ttt  and 
.0),(2),(2 ≠+ rtWrtW rrr   
(C55) Rank=2, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  ,0),(2),(2 =+ rtVrtV ttt  
,0),(2),(),( =+ rtVrtVrtV trrt  ,0),(2),(2 =+ rtVrtV rrr  ,0),( =rtWt  0),( ≠rtWr  and 
.0),(2),(2 ≠+ rtWrtW rrr   
(C56) Rank=2, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  ,0),(2),(2 =+ rtVrtV ttt  
,0),(2),(),( =+ rtVrtVrtV trrt  ,0),(2),(2 =+ rtVrtV rrr  ,0),( ≠rtWt  ,0),( ≠rtWr  
,0),(2),(),( =+ rtWrtWrtW trrt  0),(2),(2 =+ rtWrtW ttt  and .0),(2),(2 ≠+ rtWrtW rrr  
(C57) Rank=2, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  ,0),(2),(2 =+ rtVrtV ttt  
,0),(2),(),( =+ rtVrtVrtV trrt  ,0),(2),(2 ≠+ rtVrtV rrr  ,0),( ≠rtWt  0),( =rtWr  and 
.0),(2),(2 =+ rtWrtW ttt  
(C58) Rank=2, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  ,0),(2),(2 =+ rtVrtV ttt  
,0),(2),(),( =+ rtVrtVrtV trrt  ,0),(2),(2 ≠+ rtVrtV rrr  ,0),( =rtWt  0),( ≠rtWr  and 
.0),(2),(2 =+ rtWrtW rrr  
(C59) Rank=2, ,0),( =rtU t  ,0),( =rtU r  ,0),( =rtVt  ,0),( ≠rtVr  ,0),(2),(2 ≠+ rtVrtV rrr  
,0),( ≠rtWt  ,0),( ≠rtWr  0),(2),(),( =+ rtWrtWrtW trrt  and .0),(2),(2 =+ rtWrtW rrr  
(C60) Rank=2, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  ,0),(2),(2 ≠+ rtVrtV ttt  
,0),(2),(),( =+ rtVrtVrtV trrt  ,0),(2),(2 =+ rtVrtV rrr  ,0),( ≠rtWt  0),( =rtWr  and 
.0),(2),(2 ≠+ rtWrtW ttt  
(C61) Rank=2, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  ,0),(2),(2 ≠+ rtVrtV ttt  
,0),(2),(),( =+ rtVrtVrtV trrt  ,0),(2),(2 =+ rtVrtV rrr  ,0),( ≠rtWt  0),( =rtWr  and 
.0),(2),(2 =+ rtWrtW ttt   
(C62) Rank=2, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  ,0),(2),(2 =+ rtVrtV ttt  
,0),(2),(),( =+ rtVrtVrtV trrt  ,0),(2),(2 =+ rtVrtV rrr  ,0),( =rtWt  0),( ≠rtWr  and 
.0),(2),(2 =+ rtWrtW rrr   
(C63) Rank=2, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  ,0),(2),(2 ≠+ rtVrtV ttt  
,0),(2),(),( =+ rtVrtVrtV trrt  ,0),(2),(2 =+ rtVrtV rrr  ,0),( =rtWt  0),( ≠rtWr  and 
.0),(2),(2 =+ rtWrtW rrr   
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(C64) Rank=2, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( =rtVr  ,0),(2),(2 ≠+ rtVrtV ttt  
,0),( ≠rtWt  ,0),( ≠rtWr  ,0),(2),(),( =+ rtWrtWrtW trrt  0),(2),(2 =+ rtWrtW ttt  and 
.0),(2),(2 =+ rtWrtW rrr   
 
(D1) Rank=1, ,0),( =rtU t  ,0),( =rtU r  ,0),( =rtVt  ,0),( =rtVr  ,0),( =rtWt  0),( ≠rtWr  and 
.0),(2),(2 ≠+ rtWrtW rrr   
(D2) Rank=1, ,0),( ≠rtU t  ,0),( ≠rtU r  ,0),(2),(2 ≠+ rtUrtU rrr  ,0),( =rtVt  ,0),( =rtVr  
0),( =rtWt  and .0),( =rtWr   
(D3) Rank=1, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( =rtVr  ,0),( =rtWt  0),( =rtWr  and 
.0),(2),(2 ≠+ rtVrtV ttt   
(D4) Rank=1, ,0),( ≠rtU t  ,0),( =rtU r  ,0),( =rtVt  ,0),( =rtVr  ,0),( =rtWt  0),( =rtWr  and 
.0),(2),(2 =+ rtVrtV ttt   
(D5) Rank=1, ,0),( ≠rtU t  ,0),( =rtU r  ,0),( =rtVt  ,0),( =rtVr  ,0),( ≠rtWt  0),( =rtWr  and 
.0),(2),(2 =+ rtWrtW ttt   
(D6) Rank=1, ,0),( =rtU t  ,0),( =rtU r  ,0),( =rtVt  ,0),( =rtVr  ,0),( ≠rtWt  0),( =rtWr  and 
.0),(2),(2 ≠+ rtWrtW ttt   
(D7) Rank=1, ,0),( =rtU t  ,0),( =rtU r  ,0),( =rtVt  ,0),( ≠rtVr  ,0),( =rtWt  0),( =rtWr  and 
.0),(2),(2 ≠+ rtVrtV rrr   
(D8) Rank=1, ,0),( =rtU t  ,0),( ≠rtU r  ,0),(2),(2 ≠+ rtUrtU rrr  ,0),( =rtVt  ,0),( =rtVr  
0),( =rtWt  and .0),( =rtWr   
 
(D9) Rank=1, ,0),( ≠rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  ,0),( =rtWt  ,0),( =rtWr  
0),(2),(),( =+ rtVrtVrtV trrt  and .0),(2),(2 =+ rtVrtV rrr   
(D10) Rank=1, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  ,0),( =rtWt  ,0),( =rtWr  
0),(2),(),( =+ rtVrtVrtV trrt  0),(2),(2 =+ rtVrtV rrr  and .0),(2),(2 ≠+ rtVrtV ttt   
(D11) Rank=1, ,0),( =rtU t  ,0),( =rtU r  ,0),( =rtVt  ,0),( =rtVr  ,0),( ≠rtWt  ,0),( ≠rtWr  
,0),(2),(),( =+ rtWrtWrtW trrt  0),(2),(2 =+ rtWrtW rrr  and .0),(2),(2 ≠+ rtWrtW ttt   
(D12) Rank=1, ,0),( ≠rtU t  ,0),( =rtU r  ,0),( =rtVt  ,0),( =rtVr  ,0),( ≠rtWt  ,0),( ≠rtWr  
,0),(2),(),( =+ rtWrtWrtW trrt  0),(2),(2 =+ rtWrtW rrr  and .0),(2),(2 =+ rtWrtW ttt   
(D13) Rank=1, ,0),( ≠rtU t  ,0),( =rtU r  ,0),( =rtVt  ,0),( =rtVr  ,0),( ≠rtWt  ,0),( ≠rtWr  
0),(2),(),( =+ rtWrtWrtW trrt  and .0),(2),(2 =+ rtWrtW rrr  
(D14) Rank=1, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  ,0),( =rtWt  ,0),( =rtWr  
,0),(2),(),( =+ rtVrtVrtV trrt  0),(2),(2 =+ rtVrtV ttt  and .0),(2),(2 ≠+ rtVrtV rrr  
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(D15) Rank=1, ,0),( =rtU t  ,0),( =rtU r  ,0),( =rtVt  ,0),( =rtVr  ,0),( ≠rtWt  ,0),( ≠rtWr  
,0),(2),(),( =+ rtWrtWrtW trrt  0),(2),(2 =+ rtWrtW ttt  and .0),(2),(2 ≠+ rtWrtW rrr  
(D16) Rank=1, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( =rtVr  ,0),( ≠rtWt  ,0),( =rtWr  
0),(2),(2 =+ rtWrtW ttt  and .0),(2),(2 =+ rtVrtV ttt  
(D17) Rank=1, ,0),( ≠rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( =rtVr  ,0),( =rtWt  ,0),( ≠rtWr  
0),(2),(2 =+ rtWrtW rrr  and .0),(2),(2 =+ rtVrtV ttt  
(D18) Rank=1, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( =rtVr  ,0),( =rtWt  ,0),( ≠rtWr  
0),(2),(2 ≠+ rtWrtW rrr  and .0),(2),(2 =+ rtVrtV ttt   
 
(D19) Rank=1, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  ,0),( =rtWt  ,0),( ≠rtWr  
,0),(2),(),( =+ rtVrtVrtV trrt  ,0),(2),(2 =+ rtVrtV ttt  0),(2),(2 =+ rtVrtV rrr  and 
.0),(2),(2 =+ rtWrtW rrr   
(D20) Rank=1, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  ,0),( ≠rtWt  ,0),( =rtWr  
,0),(2),(),( =+ rtVrtVrtV trrt  ,0),(2),(2 =+ rtVrtV ttt  0),(2),(2 =+ rtVrtV rrr  and 
.0),(2),(2 =+ rtWrtW ttt   
(D21) Rank=1, ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( =rtVr  ,0),( =rtWt  ,0),( ≠rtWr  
0),(2),(2 ≠+ rtVrtV ttt  and .0),(2),(2 =+ rtWrtW rrr   
We will consider each case in turn.  
Case A1  
In this case we have ,0),( =rtU t  ,0),( =rtU r  ,0),( =rtVt  ,0),( ≠rtVr  ,0),(2),(2 =+ rtVrtV rrr  
,0),( ≠rtWt  ,0),( ≠rtWr  ,0),(2),(),( ≠+ rtWrtWrtW trrt  ,0),(2),(2 ≠+ rtWrtW ttt  
0),(2),(2 ≠+ rtWrtW rrr  and the rank of the 66×  Riemann matrix is 3 and there exists no non trivial 
solution of equation (3). From the above constraints we get ,),( artU =  ,)ln(),( 2crbrtV +=  
),,( rtWW =  where ).0(,, ≠∈ bRcba  Substituting the information of ),( rtU  and ),( rtV  in (7) and 
after a rescaling of ,t  the line element can be written in the form  
.)( 2),(22222 φθ dedcrbdrdtds rtW++++−=     (10)  
This case belongs to the class A. In class A the rank of the 66×  Riemann matrix is 6, 5, 4, 3 or 2 
(exculding the class B) and there exists no non trivial solution of equation (3) [7]. The class A is said to 
generic in the sense that every curvature symmetry is necessarily a homothetic vector field [7,16]. Hence 
in this case no proper curvature symmetry exists. Cases (A2) to (A30) are precisely the same.  
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Case B1  
 In this case we have ,0),( ≠rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( =rtVr  ,0),(2),(2 =+ rtVrtV ttt  
,0),( ≠rtWr  ,0),(2),(2 ≠+ rtWrtW rrr  0),( =rtWt  and the rank of the 66×  Riemann matrix is two. 
There exists no solution of equation (3). From the above constraints we have ),(tUU =  )ln( btaV +=  
and ),(rWW =  where ).0(, ≠∈ aRba  Substituting the information of ),,( rtU  ),( rtV  and ),( rtW  in 
(7), the line element can be written in the form  
( ) .2)(2222)(2 φθ dedrdbtadteds rWtU ++++−=     (11)  
The above space-time is clearly 2+2 decomposable and belongs to curvature class B. CCS in this case 
take the form [7]  
  ,21 XXX +=          (12) 
where 1X  are CCS in the induced geometry on each of the two dimensional submanifolds of constant r  
and ,φ  and 2X  are CCS in the induced geometry on each of the two dimensional submanifolds of 
constant t  and .θ  The next step is to work out the CCS in the induced geometry of the submanifolds of 
constant r  and .φ  A method for finding CCS in 2-dimensional submanifolds is given in [16]. If one 
proceeds further the given nonzero components of the induced metric on each of the two dimensional 
submanifolds of constant r  and φ  are given by  
  ,00
Ueg −=  222 )( btag +=       (13)  
and the Ricci scalar is UeaUR −−= &
2
1  then there exist following two possibilities:  
   )(α  qE =    )(β  ,qE ≠   
where  
( )
( )
( ) UUU eUbta
Ubta
eeUbtaE −
⋅
⋅−
+
⎟⎟
⎟
⎠
⎞
⎜⎜
⎜
⎝
⎛
+
+≡ 2
1
2
3
2
3
2
1
2
)( &
&
&
  
and .Rq∈  First consider the case ),(α  in which further three more possibilities exist which are:  
  .0)(,0)(,0)( =<> qiiiqiiqi   
We will consider each possibility in turn.  
)( iα  CCS in this case are  
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( )
( ) ( ) 42123232
2
1
32
0
sinhcosh
,sinhcosh
cdteUbtaqcqcqX
bta
UqcqcX
U +++=
⎟⎟⎠
⎞
⎜⎜⎝
⎛
++=
∫ −−
−
&
&
θθ
θθ
  (14)  
provided that ,qE =  where .,, 432 Rccc ∈   
)( iiα  In this case .0<q  Put ,Qq −=  where ).0( >∈ QRQ  CCS in this case  
( )
( ) ( ) ,sincos
,sincos
4
2
1
2
3
23
2
2
1
32
0
cdteUbtaQcQcQX
bta
UQcQcX
U ++−=
⎟⎟⎠
⎞
⎜⎜⎝
⎛
++=
∫ −−
−
&
&
θθ
θθ
  (15) 
provided that ,QE −=  where .,, 432 Rccc ∈   
)( iiiα  In this case .0=q  CCS in this case  
     
( )
,)
2
(
)(
,
42
23
2
2
1
3
2
2
1
32
0
cc
c
Ndt
bat
e
bta
UcX
bta
UccX
U
++−+⎟⎟⎠
⎞
⎜⎜⎝
⎛
+=
⎟⎟⎠
⎞
⎜⎜⎝
⎛
++=
∫
−
−
θθ
θ
&
&
 (16) 
provided that  
  ( )
( )
,
2
)(
2
3
2
1
N
Ubta
eeUbta UU =
+
+ ⋅−
&
&
  
where ).0(,,, 432 ≠∈ NRNccc   
)(β  CCS in this case are  
,,0 5
20 cXX ==         (17)  
where .5 Rc ∈   
Now we are interested to work out the CCS in the induced geometry of the submanifolds of constant t  
and .θ  The induced metric on each of the two dimensional submanifolds of constant t  and θ  are given 
by  
   ,111 =g  )(33 rWeg =       (18)  
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and the Ricci scalar is ))(2)((
2
1 2 rWrWR ′′+′−=  then there exist following two possibilities:  
)(λ  mO =    )(δ  ,mO ≠   
where  
( )
( ) ( )
)(2
1
2)(
2
3
2
)(2
)(2)(
)(2)(2
))(2)(( rWrWrW erWrWe
rWrW
erWrWO ′′+′
′
⎟⎟
⎟
⎠
⎞
⎜⎜
⎜
⎝
⎛
′′+′
′′′+′= −   
and .Rm∈  First consider the case ),(λ  in which further three more possibilities exist which are:  
  .0)(,0)(,0)( =<> miiimiimi   
We will consider each possibility in turn.  
)( iλ   CCS in this case are  
( )( )
( ) ( ) ,)(2)(sinhcosh
,)(2)(sinhcosh
8
)(2
1
2
67
3
2
1
2
76
1
cdrerWrWmcmcmX
rWrWmcmcX
rW +′′+′+=
′′+′+=
∫ −−
−
φφ
φφ
  (19)  
provided that ,mO =  where .,, 876 Rccc ∈   
)( iiλ   In this case .0<m  Put ,1Qm −=  where ).0( 11 >∈ QRQ  CCS in this case  
( )( )
( ) ( ) ,)(2)(sincos
,)(2)(sincos
8
)(2
1
2
16171
3
2
1
2
1716
1
cdrerWrWQcQcQX
rWrWQcQcX
rW +′′+′−=
′′+′+=
∫ −−
−
φφ
φφ
   (20)  
provided that ,1QO −=  where .,, 876 Rccc ∈   
)( iiiλ   In this case .0=m  CCS in this case  
  
,)
2
()2(
,)2()(
87
26
1
2
1
2
6
3
2
1
2
76
1
cc
c
NdreWWcX
WWccX
W ++−′′+′=
′′+′+=
∫ −−
−
φφ
φ
   (21)  
provided that  
  ,
)2(2
))2((
1
2
3
2
2
Ne
WW
eWW WW =
′′+′
′′′+′ −   
where ).0(,,, 11876 ≠∈ NRNccc   
)(δ  CCS in this case are  
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,,0 6
31 cXX ==          (22)  
where .6 Rc ∈  CCS in this case are given in equation (12), either of (14), (15), (16) or (17) along with 
(19), (20), (21) or (22). This has been omitted here for the sake of brevity. Cases (B2) and (B3) are 
precisely the same.  
Case C1  
 In this case we ,0),( ≠rtUt  ,0),( =rtU r  ,0),( =rtVt  ,0),( ≠rtVr  ,0),(2),(2 ≠+ rtVrtV rrr  
,0),( =rtWt  ,0),( ≠rtWr  0),(2),(2 ≠+ rtWrtW rrr  and the rank of the 66×  Riemann matrix is three 
and there exists a unique (up to multiple) no where zero vector field aa tt ,=  such that .0; =bat  From the 
Ricci identity .0=dabcd tR  The above constraints give ),(tUU =  )(rVV =  and ).(rWW =  After a 
suitable rescaling of ,t  the line element can be written in the form  
  .2)(2)(222 φθ dededrdtds rWrV +++−=      (23)  
The above space-time is clearly 1+3 decomposable and belongs to curvature class C. CCS in this case 
[7] are  
  ,)( X
t
tfX ′+∂
∂=         (24) 
where )(tf  is an arbitrary function of t  and X ′  is a homothetic vector field in the induced geometry on 
each of the three-dimensional submanifolds of constant .t  The induced metric αβg  (where 
3,2,1, =βα ) with non zero components is given by  
  ,111 =g  ,22 Veg =    .22 Weg =      (25)  
A vector field X ′  is called homothetic vector field if it satisfies  
,2 αβαβ gcgLX =′′   .Rc∈        (26) 
One can expand the above equation (26) using (25) to get  
,,1
1 cX =           (27)  
,0,, 1
2
2
1 =+ XeX V          (28)  
,0,, 1
3
3
1 =+ XeX W          (29)  
,2,2 2
21 cXXV =+′          (30)  
,0,, 2
3
3
2 =+ XeXe WV         (31)  
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.2,2 3
31 cXXW =+′          (32)  
Solving equations (27), (28) and (29), we get  
( )
( ),,),(
,,),(),,(
313
21211
φθφθ
φθφθφθ
φ
θ
AdreAX
AdreAXAcrX
W
V
+−=
+−=+=
∫
∫
−
−
   (33)  
where ( ),,1 φθA  ( )φθ ,2A  and ( )φθ ,3A  are functions of integration. If one proceeds further one finds 
that there arise two possibilities which are  
(i) ( ) 0≠′−WV    (ii) ( ) .0=′−WV   
In sub case (i) the solution of the above equations from (27) to (32) is  
,1
1 ccrX +=  ,322 ccX += θ  ,543 ccX += φ      (34)  
where ,)ln()(
)1(2
1
2
c
c
ccrrV
−+=  )1(21
4
)ln()( c
c
ccrrW
−+=  and 
).,,0,0,0,(,,,,, 42424254321 cccccccccRcccccc ≠≠≠≠≠≠∈  It follows from the above calculation 
that the induced metric in the induced geometry on each of the three-dimensional submanifolds of 
constant t  admits proper homothetic vector field. CCS in this case are given by the use of equations (24) 
and (34) as  
),(0 tfX =  ,11 ccrX +=  ,322 ccX += θ  ,543 ccX += φ     (35)  
where )(tf  is an arbitrary function of .t  One can write the above equation (35) after subtracting 
homothetic vector fields as  
   ).0,0,0),(( tfX =        (36)  
Clearly CCS form an infinite dimensional vector space.  
In sub case (ii) we have ( ) 0=′−WV  ,λ+=WV  where R∈λ  and 0≠′′V  (and so 0≠′′W ). Solution 
of the above equations from (27) to (32) is  
,1
1 ccrX +=  ,4322 cccX ++= φθ  ,5323 ccecX +−= λθφ   (37)  
where λ++= − )1(21
2
)ln()( c
c
ccrrV  and ).0,0,(,,,,, 2254321 ≠≠≠∈ ccccRcccccc  It follows from the 
above calculation that the induced metric in the induced geometry on each of the three-dimensional 
submanifolds of constant t  admits proper homothetic vector field. CCS in this case are given by the use 
of equations (24) and (37) as  
),(0 tfX =  ,11 ccrX +=  ,4322 cccX ++= φθ  .5323 ccecX +−= λθφ    (38)  
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One can write the above equation (38) after subtracting homothetic vector fields one has equation (36). 
CCS clearly form an infinite dimensional vector space. Cases C2 to C42 are precisely the same.  
Case C43  
 In this case we have ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  
,0),(2),(2 =+ rtVrtV ttt  ,0),(2),(),( =+ rtVrtVrtV trrt  ,0),(2),(2 ≠+ rtVrtV rrr  ,0),( ≠rtWt  
,0),(2),(2 =+ rtWrtW ttt  ,0),(2),(),( =+ rtWrtWrtW trrt  ,0),( ≠rtWr  0),(2),(2 ≠+ rtWrtW rrr  and 
the rank of the 66×  Riemann matrix is three and there exists a unique (up to multiple) aa tt ,=  solution 
of equation (3) but at  is not covariantly constant. From the above constraints we have ,kU =  
2))(ln(),( rbatrtV α++=  and ,))(ln(),( 2rdctrtW β++=  where )0,(,,,, ≠∈ caRkdcba  and )(rα  
and )(rβ  are no where zero and no where equal functions of integration. After a suitable rescaling of ,t  
the line element can be written in the form  
  .))(())(( 2222222 φβθα drdctdrbatdrdtds +++++++−=   (39)  
Substituting the above information into CC equations and after simplifying we have  
,0,,, 3
0
2
0
1
0 === XXX  ,01 =X  ,0,,,, 32221202 ==== XXXX   
.0,,,, 3
3
2
3
1
3
0
3 ==== XXXX   
From the above equations one has ),(0 tfX =  ,01 =X  12 cX =  and ,23 cX =  where ., 21 Rcc ∈  CCS in 
this case  
,,,0),( 2
3
1
210 cXcXXtfX ====     (40)  
where )(tf  is an arbitrary function. One can write the above equation (40) after subtracting Killing 
vector fields one gets equation (36). CCS clearly form an infinite dimensional vector space. Cases C44 
to C64 are precisely the same.  
Case D1  
 In this we have ,0),( =rtU t  ,0),( =rtU r  ,0),( =rtVt  ,0),( =rtVr  ,0),( =rtWt  ,0),( ≠rtWr  
0),(2),(2 ≠+ rtWrtW rrr  and the rank of the 66×  Riemann matrix is 1. Here there exist two linearly 
independent solutions aa tt ,=  and aa ,θθ =  of equation (3) and satisfying 0; =bat  and .0; =baθ  From the 
above constraints we have ,1kU =  2kV =  and ),(rWW =  where ., 21 Rkk ∈  The line element, after 
rescaling of t  and ,θ  can be written as  
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  .2)(2222 φθ deddrdtds rW+++−=       (41)  
The above space-time (56) is clearly 1+1+2 decomposable and belongs to the curvature class D. CCS in 
this case are [7]  
  ,),(),( Xtg
t
tfX ′+∂
∂+∂
∂= θθθ       (42) 
where ),( θtf  and ),( θtg  are arbitrary functions of t  and θ  and X ′  is a CC on each of two 
dimensional submanifolds of constant t  and .θ  CCS on each of two dimensional submanifolds of 
constant t  and θ  are given in case B1. This has been omitted here for the sake of brevity. Clearly CCS 
in this case form an infinite dimensional vector space. Cases (D2) to (D8) are precisely the same.  
Case D9  
 In this case we have ,0),( ≠rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  
,0),(2),(),( =+ rtVrtVrtV trrt  ,0),(2),(2 =+ rtVrtV rrr  ,0),( =rtWt  0),( =rtWr  and the rank of the 
66×  Riemann matrix is 1. From the above constraints we have ),(tUU =  2))(ln( tbarV σ++=  and 
,1kW =  where )0(,, 1 ≠∈ aRkba  and )(tσ  is nowhere zero function of integration. Here there exist 
two linearly independent solutions aa rr ,=  and aa ,φφ =  of equation (3). The vector field ar  is not 
covariantly constant where as aφ  is covariantly constant. The line element, after rescaling of ,φ  can be 
written as  
  .))(( 22222)(2 φθσ ddtbardrdteds tU +++++−=     (43)  
The above space-time (43) is clearly 1+3 decomposable and belongs to the curvature class D. 
Substituting the above information in CC equations one finds that CCS in this case are  
,010 == XX   ,12 cX =  ),,(3 φrfX =     (44)  
where ),( φrf  is an arbitrary function and .1 Rc ∈  One can write the above equation (44) after 
subtracting Killing vector fields as  
  )).,(,0,0,0( φrfX =         (45) 
Clearly CCS form an infinite dimensional vector space. Cases (D9) to (D18) are precisely the same.  
Case D19  
 In this case we have the conditions ,0),( =rtU t  ,0),( =rtU r  ,0),( ≠rtVt  ,0),( ≠rtVr  
,0),(2),(),( =+ rtVrtVrtV trrt  ,0),(2),(2 =+ rtVrtV rrr  ,0),( =rtWt  ,0),(2),(2 =+ rtVrtV ttt  
 21
,0),( ≠rtWr  0),(2),(2 =+ rtWrtW rrr  and the rank of the 66×  Riemann matrix is 1. From the above 
constraints we have ,1kU =  2)ln( cbratV ++=  and ,)ln( 2qprW +=  where 
).0,,(,,,,, 1 ≠∈ pbaRkqpcba  In this case there exist two linearly independent solutions aa tt ,=  and 
aa rr ,=  of equation (3). The vector fields at  and ar  are not covariantly constant and the line element, 
after rescaling of ,t  can be written as  
  .)()( 2222222 φθ dqprdcbratdrdtds ++++++−=    (46)  
The above space-time (46) belongs to the curvature class D. Substituting the above information in CC 
equations one finds CCS in this case are  
),,(0 rtMX =  ,01 =X  ,12 cX =  ,23 cX =    (47)  
where ),( rtM  is an arbitrary function and ., 21 Rcc ∈  One can write the above equation (47) after 
subtracting Killing vector fields as  
   ).0,0,0),,(( rtMX =        (48) 
Clearly, CCS form an infinite dimensional vector space. Cases (D20) and (D21) are precisely the same.  
SUMMARY  
 In this paper a study of non-static cylindrically symmetric space-times according to their proper 
curvature symmetries is given. An approach is adopted to study the above space-times by using the rank 
of the 66×  Riemann matrix and also using the theorem given in [7], which suggested where proper 
curvature symmetries exist. From the above study we obtain the following results:  
(i)  The case when the rank of the 66×  Riemann matrix is three and there exists a unique no where 
zero independent timelike vector field which is a solution of equation (3) and is covariantly constant. 
This is the space-time (23) and it admits proper CCS which form an infinite dimensional vector space 
(see case C1). 
(ii) The case when the rank of the 66×  Riemann matrix is three and there exists a unique nowhere 
zero independent timelike vector field which is a solution of equation (3) and is not covariantly constant. 
This is the space-time (39) and it admits proper CCS which form an infinite dimensional vector space 
(see case C43).  
(iii) The case when the rank of the 66×  Riemann matrix is one and there exist two nowhere zero 
independent vector fields which are solutions of equation (3) and are covariantly constant. This is the 
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space-time (41) and it admits proper CCS, which form an infinite dimensional vector space (see case 
D1).  
(iv) The case when the rank of the 66×  Riemann matrix is one and there exist two nowhere zero 
independent solutions of equation (3) but only one independent covariantly constant vector field. This is 
the space-time (43) and it admits proper CCS which form an infinite dimensional vector space (see case 
D9).  
(v) The case when the rank of the 66×  Riemann matrix is one and there exist two nowhere zero 
independent solutions of equation (3) but are not covariantly constant vector field. This is the space-time 
(46) and it admits proper CCS which form an infinite dimensional vector space (see case D19).  
(vi) The case when the rank of the 66×  Riemann matrix is two and there exists no non trivial 
solution of equation (3). This is the space-times (11) and it admits CCS which are Killing vector fields 
(see case B1).  
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